Larmor precession reexamined: Testable correction and its ramifications 
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A rigorous treatment is given for solving the full Schrodinger equation for a spin-polarized plane 
wave passing through a region of uniform magnetic field, thereby providing a modified formula for 
Larmor precession, which, in turn, reduces to the standard expression in certain regimes of the 
experimental parameters. We show that there are experimentally verifiable regimes of departure 
from the standard formula. The treatment is then extended to the case of a spin-polarized wave 
packet passing through a uniform magnetic field. The results obtained from the standard expression 
for Larmor precession and that obtained from the modified formula are compared in various regimes 
of the experimental parameters. Implications of such an exact treatment of Larmor precession are 
indicated in the contexts of modeling a quantum clock as well as in the testing of single particle 
Bell's inequality. 
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I. INTRODUCTION 



If a spin- 1/2 particle passes through a region of uniform 
magnetic held, it is well known that the time evolution 
of the spin of the particle undergoes what is commonly 
known as Larmor precession. For example, if the particle 
with an initial spin orientation along the +x axis passes 
through a magnetic field oriented along the +z axis, the 
spin precesses in the x-y plane with a frequency deter- 
mined by the strength of the magnetic field and the mag- 
netic moment of the particle. This frequency is known 
as the Larmor frequency - a topic which is not only com- 
monly discussed in any undergraduate quantum mechan- 
ics course, but also has wide applications, particularly in 
the analysis of experiments involving neutron, electron 
and atomic interferometry One of the important appli- 
cations of Larmor precession is its use in calculating the 
tunneling time through a potential barrier where the time 
during which the particle passes through the barrier can 
be predicted via the Larmor precession relation that pro- 
vides a correspondence between the transit time and the 
angle of rotation of the spin orientation of the spin-1/2 
particles [Trial- 

However, surprisingly, the treatments given in all the 
standard text-books |6Hl3| on the subject are fundamen- 
tally inadequate because none of them considers the so- 
lution of the full Schrodinger equation in this problem 
involving both the spin and the space parts. In partic- 
ular, the usual treatments ignore the spatial part alto- 
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gether and write the Hamiltonian only in terms of the 
potential energy arising out of the spin-magnetic field 
interaction. For example, Cohen- Tannoudji et al.|9] pro- 
vide their treatment of Larmor precession by considering 
only the spin dynamics of the system in the presence of 
the uniform magnetic field. On the other hand, Bohm|10] 
gives a semi-classical argument as the basis for Larmor 
precession. Another line of justification for this proce- 
dure assumes that the particle is at rest while it interacts 
with the nragnetic field, an obviously untenable premise 
that violates the uncertainty principle as the spatial ex- 
tent of the magnetic field is not infinite fill] . 

A specious argument for ignoring the kinetic energy 
term in the Hamiltonian would be to take this term to 
be much smaller in nragnitude as compared to the spin- 
magnetic field potential energy term. To check whether 
this assumption is valid or not, it is important to note 
that most experiments involving Larnror precession are 
done at or near room temperature. At this ambient tem- 
perature, the average kinetic energy of the particles un- 
der study is of the order of kT. At room temperature the 
value of kT is about 0.0256^. Let us now look at a typ- 
ical value of the spin-magnetic field interaction energy. 
A magnetic field of IT is achievable in laboratory condi- 
tions and is the typical value of the magnetic field in the 
relevant experiments. For this strength of the magnetic 
field, the interaction energy arising due to the interac- 
tion of the field with the spin nragnetic moment of a neu- 
tron is of the order of 5 x 10~ 8 eT^. Comparing this with 
the value of the kinetic energy, obviously, the assump- 
tion that the kinetic energy of the particle is negligible 
compared to the spin-magnetic field interaction energy in 
typical experiments does not hold good. In fact, under 
such conditions, the kinetic energy term is much larger 
than the potential energy term. 
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Here we note that all the treatments of calculating tun- 
neling time through a barrier based on Larmor clock [l|- 

pertain to a spatial region within which a constant 
magnetic field and an external potential Vq are both con- 
fined. It is essentially due to the presence of the external 
potential that both spin-up and spin-down particles see 
potential barriers, but of different heights. Interestingly, 
if one takes the limit of the external potential Vo — > 0, 
the usual Larmor precession relation cannot be recovered 
even in the presence of high magnetic field. On the other 
hand, in our treatment, we do not consider any external 
potential so that while a spin-up particle sees a poten- 
tial well, a spin-down particle sees a barrier. Hence, our 
treatment is completely different from all the prevalent 
treatments pertaining to tunneling time calculation using 
Larmor clock. 

We begin by considering a wave function whose space 
part is a plane wave and is spin polarized in the +x di- 
rection. By examining closely the time evolution of the 
entire wave function, that is, both the spin and the space 
parts, caused by the interaction of the spin of the parti- 
cle with the magnetic field, we find an interesting feature 
- due to the specifics of this spin-magnetic field inter- 
action, it is possible to derive the time evolution of the 
entire wave function by solving the Schrodinger equation 
for only the spatial part. Then, from the time-evolved 
entire wave function, one can find the change in the spin 
part of the wave function; this is shown in Section II. Sub- 
sequently, in Section III, the limit in which the result of 
our treatment matches the result of the standard Larmor 
precession as well as the limit in which there is an appre- 
ciable departure from Larmor precession are discussed. 
This treatment reveals that it is, in fact, the limit where 
the kinetic energy is much higher than the potential en- 
ergy due to the spin-field interaction that the standard 
expression for Larmor precession holds true. In Section 
III numerical estimates of departure from the standard 
Larmor precession are presented. In Section IV we gener- 
alize the treatment given above to the case of an incident 
wave packet rather than a plane wave. 



II. PARTICLE IN A UNIFORM MAGNETIC 
FIELD 



Let us consider that the total initial wave function of a 
particle is represented by ^ = V'o^X > where V>o = Ae lkx 
is the spatial part taken to be a plane wave with wave 
number fc, and \ = (-7= (\f) z + \D Z ) i s the spin state 
polarized in the +x direction with | ^) z and | \) z are 
the eigenstates of a z . Now, we consider that the parti- 
cle passes through a bounded region containing constant 
magnetic field directed along the +z-axis. 

The interaction Hamiltonian is Hi nt — /itr.B where /i 
is the magnetic moment of the neutron, B is the inho- 
mogeneous magnetic field and a is the Pauli spin matri- 
ces vector. Then the time evolved total wave function 
at t = t after the interaction of spins with the uniform 



magnetic field is given by 

#(x,t) = exp( — )*(x, 0) 

= -L [^+(x,t) ® |t>, + V~(x,r) ® ll)J(l) 
where ip + (x, r) and ip~ (x, r) are the two components 



of the spinor ip — 






which satisfies the Pauli 



equation. The homogeneous magnetic field is written as 
B = Bz. The two-component Pauli equation can then be 
written as two coupled equations for ip + and ip~ , given 
by 






ih 



djr_ 
dt 



2m 



2m 



V 2 V> + - iiBzi\P 



V 2 ip~ 



[iBzip 



(2) 



(3) 



Eqs.(2) and (3) imply that while a neutron having spin- 
up interacts with the spin rotator containing constant 
magnetic field, the associated spatial wave function (ip + ) 
evolves under a potential well that has been generated 
due to the spin-magnetic field interaction; the associ- 
ated spatial wave function (ip~) of a spin-down neutron 
evolves under a potential barrier. Before proceeding to 
focus on the solutions of Eqs. (2) and (3), we revisit 
in the next section the usual textbook treatment of this 
problem purporting to derive the Larmor precession re- 
lation for the rotated spin state after the spin-magnetic 
field interaction within the spin-rotator. 



A. The usual textbook treatment of Larmor 
precession 

The behaviour of the wave function after it starts inter- 
acting with the spin rotator is usually described by tak- 
ing into account only the spin part of the wave function, 
while the space part is completely left out of the analysis. 
Neglecting the kinetic energy, the Hamiltonian of the sys- 
tem inside the spin rotator is taken to be H = /kt.B. The 
spin up and spin down parts of the wave function evolve 
according to the Schroedinger equation in the following 
way 



in—- = -fiBt/j + 
at 



ih — = +/j,Bip~ 



dt 



(4) 



(5) 



The solutions of the above two first order differential 
equations are ip = ^oe^ lUT where ui = fiB/h, and r 
is the time over which the spin-magnetic field interaction 



takes place. Putting these solutions in Eq.(l), we finally 
obtain 

*(x,r)=Vo^(e-^ r |t)+e^|l)) (6) 

Eq.© can be written as 

-14,11 
*(*, 4>) = ^0—^- (It), + e* \i) z ) = e^xW) (7) 



where 



= 2wr 



(8) 



is the well-known Larmor precession relation and lj is 
the Larmor frequency and, e~'"^/ 2 is the global phase. 
The spin state after the interaction is given by x(^) = 
^(lt)+^ll». 

In the above treatment r is taken to be the transit 
time through the spin rotator, given by r = - where 
a is the spatial extension of spin-rotator containing the 
uniform magnetic field, and v — — is the initial velocity 
of particle. 

However, the above treatment has an intrinsic incom- 
pleteness because it does not take into account the evo- 
lution of spatial part, and hence the kinetic energy as- 
sociated with the wave function. The detailed analysis 
of this problem should include the evolutions of both the 
spin and space parts of the total initial wave function. In 
the following section we fill this gap by giving a rigorous 
analysis of this problem. 



B. The complete analysis of particle in a constant 
magnetic field problem 

Here we begin by recalling that Eqs. (2) and (3) imply 
that in this problem, we effectively have a situation where 
the spin up part of the wave function faces a potential well 
while the spin down part of the wave function faces a 
potential barrier. This, in turn, entails that the informa- 
tion about the spin part of the wave function enters the 
space part of the wave function through this potential, 
and thus solving the Schroedinger equation for only the 
space part of the wave function suffices to get complete 
information about the time evolution of the combined 
spin-space wave function. Here we may stress once again 
that this method of treatment of the quantum mechani- 
cal problem of spin precession in a uniform magnetic field 
has remain unexplored. Therefore, instead of equations 
(Jlj) and fSjl, one needs to solve Eqs. (2) and (3) explicitly. 

The solutions to these equations, given our initial 
state, consist of a reflected part traveling in the — x- 
direction and a transmitted part of the wave function, 
traveling in the +x-direction. We should note here that 
the reflected part of the wave function exists only to 
the left of the spin rotator, and the transmitted part 
exists only to the right of the spin rotator. Our ultimate 



objective is to calculate the observable rotation of the 
spin part of the wave function caused by evolution of the 
state due to the spin-magnetic field interaction within 
the spin rotator. 

For this, we need to look only at that part of the wave 
function which pertains to those neutrons which have ac- 
tually passed through the spin rotator, or in other words 
we focus only on the transmitted part of the wave func- 
tion. Therefore, using the solutions of equations (2) and 
(3), we will finally end up with the following state 



N 



|tf/) = ^=(V£|t>+tfTH» 



(9) 



where N is the normalized constant can be written as 

N=j v m\z+\^)dv. 

Note that, Eq.@ is an entangled state between the 
spin and spatial degrees of freedom of the transmitted 
part. The expressions for the reflected and transmitted 
parts of a wave function at a potential well or barrier are 
well known. However, from an empirical perspective, we 
note that if in the above setup, even if we use low energy 
or ultra-cold neutrons, having kinetic energy of the order 
of 5 x 10~ 7 eV^, for the potential energy term (|/xB|) to 
exceed the kinetic energy term (E), we will need a field 
of the order of 10T. Magnetic fields of such high inten- 
sity are difficult to produce in laboratory conditions, and 
therefore for all practical purposes, we should consider 
the situation where E > /iB. 

Now, since ip~ evolves under a potential barrier con- 
fined between x = and x — a the reflected and tran- 
mitted ports are respectively given by 



'/'/ 



Ae 



-ikx 



{k 2 -kl){i 



J2ik\a 



(fc + fci) 2 -(fc-fci) 2 e 2ife i a 



ip- = Ae lkx 



Akkie 



-ika p ik\a 



(fc + fci) 2 -(fc-fci) 2 e 2ifc i a 



(10) 



(11) 



where fc 



fci 



y/2m{E-fiB) 



and a is the width of 



the spin rotator arrangement which contains the uniform 
magnetic field. The wave function tjj + evolves under a 
potential well, the expressions for the transmitted and 
the reflected part by replacing all the fci's in Eqs. (fTU|) 



and (jllj) by &2 where k 2 = 
(fc 2 



y /2m(E+ l j,B) 
h 



1>t = Ae- 



kl){l 



2ik%a\ 



(fc + k 2 ) 2 - (fc - k 2 ) 2 e 2ik * a 



ipi = Ae 



ikx 



4kk 2 e- tka e tk2a 



(fc + fc 2 ) 2 - (fc - k 2 ) 2 e 2ik ^ a 



(12) 



(13) 



Then, in the regime E > fiB, we now rewrite equation (7) 
in the following form, which is the modified formula for 



Larmor precession calculated by the explicit time-evolved 
solution of the spatial parts, ip + and ip~ 

|%) = ^(ae* |t) + be** |i» = ^ X {<t>) (14) 
Here 



a = yj ! Re{^) 2 + Im{xjj+) 2 
b= ^J Re(^) 2 + Im(ip^) 2 



(15) 



(16) 



k, fci, fej in the limit E » uB, we find that fc « fci ~ fc 2 . 

In order to get the standard expression for Larmor pre- 
cession, we will first set k = k\ = &2 m Eqs. (flH)) , (|20p . 
(|2ip. and (f2"2"| except when they appear inside sine or 
cosine functions, since the latter terms are much more 
sensitive to the differences in values of fc, k\,k2- Eqs. 
([H]) and then simplify to 

Re(ip^) = sin{ka)sin{k\a) + cos{ka)cos{kia) (23) 



Im(ip T ) = sin(kia)cos(ka) — cos{kia)sin(ka) (24) 



tan 



— tan 



_ x Jm(V>jQ 

Re(^) 



^Imi^j.) 



(17) 



(18) 



Re{ip T ) 

where, by using equations pip and (13), we find that 

Re{tp T ) = (19) 

8fcfci(fc 2 + k 2 )sin(ka)sin(kia) + 16fc 2 fc 2 cos{ka)cos(k\a) 

{k + fci) 4 + (fc - fc x ) 4 - 2(fc + fci) 2 (fc - k 1 ) 2 cos(2k 1 a) 

Im(iJj T ) = (20) 

8kki(k 2 + k 2 )cos(ka)sin(k\a) — 16fc 2 k 2 sin{ka)cos{k\a) 

(fc + fci) 4 + (fc - fci) 4 - 2(fc + ki) 2 (k - fci ) 2 cos (2/ci a) 



Re(i/)£) 



(21) 



8kk2(k 2 + k 2 )sin(ka)sin(k2a) + 16fc 2 fc 2 cos(fca)cos(fc 2 a) 
(fc + fc 2 ) 4 + (fc - fc 2 ) 4 - 2(fc + fc 2 ) 2 (fc - fc 2 ) 2 cos(2fc 2 a) 

7m(^) = (22) 

8fcfc 2 (fc 2 + k2)cos(ka)sin(k2a) — 16fc 2 fcfsm(fca)cos(fc 2 a) 

(fc + fc 2 ) 4 + (fc - fc 2 ) 4 - 2(fc + fc 2 ) 2 (fc - fc 2 ) 2 co S (2fc 2 a) 



Using the above expressions in Eqs. (|15l) and (|16p . we 
find that D = 1 and </> 2 = (fci — k)a. Similarly, rewriting 
equations d2TJ) and ([22]), and using it in Eq.CO} and (H"6|) . 
we get C = 1 and <\>\ = (fc 2 — fc)a. Therefore Eq.(14) now 
has the form 



*/) = 



Ae l 



V2 



_^(k 2 ~k)a ^ + el ( kl -k)a ^ ( 25 ) 



Since we have already stipulated the condition fc w ki ss 
fc 2 , we can binomially expand fci and fc 2 around fc and 
keep terms to the order of ^-. Then (fci — k)a — — k^a. 

Using the relations fc = ^ 2 ™ E and u = ^, we can write 
(fci - k)a = -^f = Lot. Similarly, (k 2 - k)a = f% = 
—Lot. Therefore, we can write Eq. ([2~5"j) as 



\*f) = 



Ae iki 

~7T 



(e- iut |t) 



It)) 



(26) 



p -i0/2 

^o^r" (|t) 2 + ^ \i) z ) ee e-^oxW 



V2 

which is exactly the equation we get from the spin-only 
treatment of the problem. 

The above treatment brings out the curious feature 
that while the standard treatment ignores the kinetic en- 
ergy term of the Hamiltonian, on solving the problem 
in a more complete manner, the same expression can be 
derived in the other extreme limit where the kinetic en- 
ergy term is much higher than the spin-magnetic field 
interaction energy term. 



III. LIMITS OF VALIDITY OF THE STANDARD 
FORMULA FOR LARMOR PRECESSION 

Let us now examine in what limit the above ex- 
pressions do indeed reduce to the standard expressions 
for Larmor precession. As already mentioned, we are 
working in the range E > [iB. Let us now consider the 
stronger limit where E >> \iB. In this limit, the kinetic 
energy term of the Hamiltonian is appreciably larger 
than the potential energy term, and then, effectively, the 
time evolution of the entire wave function occurs due to 
a very shallow well and a very low barrier. This situation 
would correspond to the entire wave being transmit- 
ted, but picking up a phase. From the expressions for 



IV. THE QUANTITATIVE ESTIMATES FOR 
SHOWING THE DEPARTURE 



In the previous section we have shown that it is only 
when the kinetic energy associated with the wave func- 
tion is much larger than the potential energy term in the 
Hamiltonian, in other words, the height of the potential 
barrier, or the depth of the potential well, we get back 
the standard expression for Larmor precession. However, 
when the kinetic energy term becomes comparable to the 
potential energy term due to the spin-magnetic field in- 
teraction, the standard expression no longer holds. In 
this section we calculate the effect of this deviation in 



v(m/sec) 


p+m 


p'+{0) 


2000 


0.40725 


0.40725 


200 


0.645427 


0.645464 


50 


0.690242 


0.653428 


10 


0.964184 


0.855380 



B(Tesla) 


P+(0) 


p+m 


0.5 


0.997736 


0.912933 


0.1 


0.645427 


0.660003 


0.01 


0.407245 


0.407230 


0.001 


0.949661 


0.949661 



Table I: Table 1: This table shows the numerical values of p+{9) 
and p', (9) for a fixed magnetic field, in this case, 2T, while decreas- 
ing the velocity of the incident neutrons. For thermal neutrons, we 
see that the two are the same, while differences start arising for cold 
neutrons and this difference is appreciable for ultra-cold neutrons. 



terms of an observable, given by, in our case, the num- 
ber of particles measured to be along \\) e when the state 
emerging from the region of the magnetic field is passed 
through a Stern-Gerlach arrangement which is oriented 
at an angle 9 with respect to the +x axis. 

The state \f) g is defined in the following manner | t)e = 
1/V2 (I t )z + e - ie \ i ) z ) The spin part of our original 
wavefunction is given byx(0) = l/\/2 (\t) z + \i) z )- 
According to the standard treatment of Larmor pre- 
cession, the final spin state is given by x{<t>) — 
1/V2 (I t } z + e l0 | I )J. Therefore the probability of 
getting the particles with |f) e is given by 



P + (O) = \e(t\xm 2 =co S 2 (0-4 ) )/2 (27) 

However, in the light of the complete treatment pre- 
sented in the last section, the final spin part of the 
wave function is given by Eq. (14) to be x'ifi) = 
1/V2 (ae* I t ) z + be 1 ' 1 ' 2 \i) z ). Consequently, the prob- 
ability of getting particles with |f) e is then modified 
which is of the form 

P+ (0) =~{a 2 + b 2 + 2ab cos(0i - fa + 9)) (28) 



It is clearly seen from Eqs. ([2"T|) and (|2"8"]l that they are 
not same. We shall study the condition when they will 
be same. In the table given below, we compare the val- 
ues of p + (9) and p + (9) for 9 = for different regimes of 
the velocity of the incident neutrons and the strength of 
the applied magnetic field. We can see clearly from the 
results given in the Tables 1 and 2 that when the inci- 
dent velocity of the neutrons, or their kinetic energy is 
large, and the magnetic field is weak, p+(9) and p' + {9) 
are the same. However, on increasing the strength of the 
magnetic field, or decreasing the velocity of the incident 
neutrons, there is an empirically verifiable difference be- 
tween p + (9) &Ti&p' + {9). 



V. GENERALIZATION OF THE LARMOR 

PRECESSION TREATMENT FOR 

CALCULATING THE SPIN DISTRIBUTION FOR 

A WAVE PACKET 

We will now use the results derived above to analyse 
the spin distribution which arises due to spin-magnetic 



Table II: Table 2: This table shows the numerical values of p+(0) 
and p', (9) for a fixed incident velocity of neutrons, in this case, 
in the ultra-cold neutron regime of 10m/ s, while decreasing the 
applied magnetic field. For a strong magnetic field, there is an ap- 
preciable difference between the two columns, which decreases as 
we decrease the magnetic field, till at low values of the field, the 
two are essentially the same. 



field interaction when a wave packet passes through the 
spin rotator arrangement. For this purpose, we use a 
Gaussian wave packet as the space part of our initial 
wave function, instead of a plane wave as was used in 
Sections II and III. We choose the spin-polarization of 
the initial wave function to be in the +x direction ,and 
the magnetic field to be pointing along the +z direction. 
Thus our initial wave function is given by 



I*/ 



1 



■11121 



(2n5 2 )i 



"IP" 



.- .i^QX 



1 



-^(m + ii)) (29) 



where xq is the initial peak of the wavepacket, ko is 
the peak wave-number and S is the width of the initial 
wavepacket. In the previous section we have seen that the 
precession of spin caused by interaction with the mag- 
netic field within a spin rotator of given parameters is 
a function only of k. Therefore, while dealing with the 
Gaussian wave packet, it is convenient to use the Fourier 
transform of the initial wave function, given by 



26- 



1 



1*0 = ( — j e ~ s (fc ^ o) e ^° -7= (It) + ID) (30) 

Using results from the previous section, we can then write 
the final wave function in the Fourier basis to be 



l-,)-lf 

1 



-S (k—k ) „ikx 



(31) 






x (a(fc) e <M*) | t ) 



b(k)e 



i<fe(fc) 



ID 



where a,b,<pi,fa are as defined in Eqs. (15), (16), (17), 
and (18), and hence have different values for different 
values of fc. From the above equation, it becomes clear 
that we have a spin distribution which occurs as a result 
of the spin-magnetic field interaction of different wave- 
number components of the original wave packet. 

We will now find the distribution of spins along \x) = 
-t= (|t) + II)) or the +x direction. The projection of the 
spin of the final wave function along this direction is given 
by 



(X|%) = ( — V e S 2 (k-ko) 2 e ikx 



(32) 



xVa(fc)e*W + 6(fe)e i<Wfc) ) 



Therefore, the probability of finding spins along the +x 
direction will be given by 



Kx !*/>!= — 



2S 2 



2\ 2 



D -2S 2 (k-k f 



(33) 



i(a(*)e i * lW +&(Jfe)e 1 * a(fc) 

(a*{k)e- l ' t ' l{k) +b*(k)e~ iMk) 



Such a spin probability function can be measured by 
a Stern Gerlach arrangement for the particles emerging 
from the spin rotator. A crucial feature to be stressed 
here is that the above spin probability function given by 
Eq. (33) has been obtained from our complete treatment 
of the problem of time evolution of the spin of a particle 
passing through a region of uniform magnetic field. On 
the other hand, the counterpart of such a spin probabil- 
ity distribution can also be obtained from the standard 
treatment of Larmor precession. A comparison between 
the results obtained from these two different approaches 
for various values of the magnetic field and velocity of 
the incident neutrons is illustrated in Figures 1 and 2. As 
similar to the case of the plane wave, we notice that the 
distributions from the two different approaches overlap 
when the incident velocity of the neutrons is high and the 
magnetic field is weak, whereas a noticeable divergence 
appears upon either decreasing the incident velocity or 
increasing the strength of the magnetic field. 





Figure 1: Here in the successive plots, we show the resultant prob- 
ability distribution of spins emerging from the spin rotator, calcu- 
lated according the standard Larmor precession formula(red curve) 
and the modified formula(black curve) given in this paper, while 
varying the constant magnetic field applied in the region of the 
spin rotator. The incident velocity is fixed at lOm/s, while the 
applied magnetic field takes the values 0.001T, 0.03T and 0.15T. 
The observable effect of the departure from the standard expression 
becomes more pronounced as the magnetic field is increased. 



VI. CONCLUSION AND OUTLOOK 

In a nutshell, the central result of the present paper is 
that the standard expression for Larmor precession holds 
true only in the regime where the kinetic energy of the 
system is much greater as compared to the potential en- 
ergy term arising out of the interaction between the spin 
of the particle and the magnetic field. It is essentially 
when these two terms become comparable that the de- 
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Figure 2: Here in the successive plots, we show the resultant prob- 
ability distribution of spins emerging from the spin rotator, calcu- 
lated according the standard Larmor precession formula(red curve) 
and the modified formula(black curve) given in this paper, while 
varying the incident velocity of the neutrons. The value of the ap- 
plied magnetic field is held at 0.15T, while the incident velocities 
are taken to be lOOm/s, 25m/ s and lOm/s. The observable ef- 
fect of the departure from the standard expression becomes more 
pronounced when the incident velocity of the neutrons is decreased. 



parture from the standard expression for Larmor preces- 
sion becomes appreciable to the extent of being empiri- 
cally observable - such a departure can indeed be tested 
by choosing appropriate conditions of high magnetic field 
and low velocity of incident neutrons; for example, in the 
experiments using cold neutrons. 

An important application of the above treatment is 
that it enables the construction of an effective transit 
time distribution for a spin-polarised wave packet passing 
through a region of uniform magnetic field, of course, sub- 
ject to the constraint of choosing the relevant parameters 
appropriately such that the rotation of spin pertaining to 
any wave-number component of the wavepacket does not 
exceed n. A rigorous derivation of the spin probability 
distribution emerging from a spin rotator is, therefore, a 
key ingredient for using Larmor precession in the context 
of its applicability as a model for quantum clock [13] that 
can be used for measuring arrival/transit time distribu- 
tions, and for making a quantitative study of the possible 
differences in the predictions obtained from the different 
quantum mechanical schemes suggested for computing 
arrival/transit time distributions IJ,[l5||. Further studies 
along this line using the exact formula for Larmor preces- 
sion derived in this paper are thus called for, the results 
of which could also be useful for comparing with other 
models for quantum clock suggested in the literature|lq|. 

Among other possible uses of the exact formula for 
Larmor precession in the context of recent significant ex- 
periments, here we may mention, for example, the neu- 
tron ineterferometric experiment [l 7] testing single parti- 
cle Bell's inequality [18]involving entanglement between 
the path and the spin degrees of freedom of a spin- 1/2 
particle. In such an experiment, the spin flipper that 
is placed in one of the two paths of the interferometer 
plays a crucial role for generating the path-spin entan- 
gled state, in the sense that the spin flipper is ideally 
required to flip all the neutrons passing through it, so 
that the flipped state and the unflipped spin state in the 
respective two paths are completely orthogonal. In or- 
der to ensure this condition, the choice of the relevant 



parameters has to be carefully made on the basis of an 
appropriate formula for Larmor precession. Usually this 
is done by using the standard Larmor formula, as in the 
above mentioned experiment [17]. It is in this context 
that the exact formula for Larmor precession obtained 
in this paper should be of particular significance. For 
example, in the analysis of the above experiment, one 



needs to study the quantitative impact on the amount of 
violation of single particle Bell's inequality arising from 
the rigorous treatment of Larmor precession given in this 
paper. 
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